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Schrodinger operators on L2(lR3) of the form -A + VA with potentials V,l real- 
analytic in 1 are discussed. The analytic structure in V.& and k (with k2 the energy 
variable) of the resolvent kernel, the eigenvalues and resonances is exhibited and we 
obtain in particular convergent perturbation expansions for the resonances and the 
corresponding resonance functions. The lower order expansion coefficients are 
computed explicitly. The resonances and the corresponding functions are also 
computed for a particle moving under the action of n point interactions. This gives 
asymptotic low energy information about Schrijdinger Hamiltonians with short 
range potentials. The perturbation theory of resonances, eigenvalues and of the 
corresponding functions for Hamiltonians describing n point interactions perturbed 
by a potential is also given. 
1. INTRODUCTION 
Whereas the theory of eigenvalues and their perturbations for Schrodinger 
operators is one of the best studied domains in non relativistic quantum 
mechanics, see e.g. [29, 52, 55, 75, 761, the systematic study of resonances 
and their perturbations is much less developed. This is partly due to the 
original uncertainties concerning the definition of the resonances themselves. 
In the physics literature resonances were discussed first in connection with 
G. Gamov’s theory (1928) of the a-decay of atomic nuclei and identified 
with complex poles of the scattering matrix (general references on scattering 
theory are [ 10,661). Positions and widths of the resonance levels are then 
identified with real and imaginary parts of the eigenvalues of a complex 
boundary value problem of the Schrodinger equation. A theory of resonance 
reactions in nuclei was then developed, see e.g. [ 18, 86, 891 (see also for 
other references [20, 261 and for recent developments e.g. [ 171). In particular 
a relation between analytic properties of the S-matrix in the complex plane 
and the space-time behaviour of wave packets (causality) was developed. In 
the radial symmetric case for potential scattering the relation between 
resonances and poles of the scattering matrix was investigated thoroughly 
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starting with the fundamental work of Jost [52] and Levinson [61], see also, 
e.g. [24, 54,63,67, 771. 
The relation between a rapid variation of the phase shift with the 
probability of finding the particle inside the region of interaction was also 
elaborated, see, e.g. [67]. The relation between eigenamplitudes to eigen- 
values of the S-matrix and resonances is discussed, e.g., in [3 11. The 
association of resonances with poles of the resolvent taken between suitable 
states has been discussed starting with classical work by Titchmarsh, see, 
e.g. [34,42-44, 70,871 and references therein. 
For resonances originated by perturbing eigenvalues embedded in the 
continuum (for the latter see, e.g. [2, 751 and references therein) a pertur- 
bative computation is possible. This is a well studied subject, starting from 
Friedrichs (see, e.g. [29]), and is connected with the work on spectral 
concentration, as seen from the work by Howland, see, e.g. [45, 461 and 
references therein (also, e.g. [ 16,25, 72, 731). 
The latter studies have received new impetus after the advent of Aguilar, 
Balslev and Combes’ technique of dilation-analytic potentials (itself with 
connections with work around Regge’s analysis of complex angular momenta 
[191* 
Simon [8 1 ] developed by such means a time-dependent perturbation for 
autoionizing resonances, identified with poles of the matrix elements of the 
resolvent between suitable dilation analytic vectors. The technique has been 
adapted to cover also long open specific problems, see, e.g. [2, 33, 39, 40, 
47, 62, 871. 
Another line of work relating resonances with local decay of solutions of 
Schrodinger’s equation on one hand and of the corresponding wave equation 
on the other hand has been pursued since a long time, see, e.g. [ 11, 21, 32, 
59, 60, 71-73, 79, 851. We shall mention below some of the recent work 
along these lines especially since it has connections with our own work. 
The discussion of resonances also enters basic problems of scattering 
theory like the problem of asymptotic completeness [ 12-15, 28, 58, 80, 881 
the low energy expansions of the S-matrix, the spectral density and resolvent 
[7, 48-501 (in [7] a connection with the theory of point interactions (see 
[3-8, 30, 37, 38, 651 and references therein) plays an essential role) and the 
threshold behaviour of the eigenvalues [23, 58, 72, 731. 
In the present paper we discuss the behaviour in A of the resonances (and 
eigenvalues) of Schriidinger operators of the form --d + V,, with real 
analytic potential V, , we give explicit perturbation expansions for the 
resonances and their associated resonance functions and we study their 
detailed low energy behaviour. We also study the corresponding problems 
for a particle moving under the influence of n centers. Let us now shortly go 
through the content of the different sections of our paper, which will give us 
also the possibility to mention specific connections with other work. In 
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Section 2 we consider Schriidinger operators of the form H = -A + I’, with 
V a potential satisfying 
!‘i 
*Y(lxl+ IYI) 
IW>~(Yl e(x-y,2 dxb< 00 
for some y > 0. We first recall the relation (based particularly on 
Grossmann’s and Wu’s work [34-361 between eigenvalues and resonances of 
H with poles of the off-shell S-matrix in the physical (Im k > 0, with k* the 
energy variable) resp. unphysical half-plane (Im k < 0). Moreover identifying 
them with the zero of a modified Fredholm determinant we get the analytic 
properties of eigenvalues and resonances. These result are related to those 
discussed in [24, 68, 49, 73, 83, 581. We then give explicit formulae for the 
residue of the S-matrix and the resolvent kernel at a simple resonance, the 
latter being entirely analogue to those for the eigenvalues. 
In Section 3 we study Schrodinger operators of the form H, = -A + V., 
with V,% real analytic in A and, for each A, of the same form as in Section 2. 
We first observe that by the results of Section 2 the resonances k,(L) are 
analytic in A in Im k,(L) > -y, with branch points of finite order as only 
possible singularities. We also study the position of the resonances k(i) on 
the imaginary axis as function of A. Necessary and sufficient conditions for 
branch points and computations of the lower order perturbation series for 
resonances and the corresponding resonance functions are also given. In 
Section 4 we compute the resonances for the Hamiltonians of one and many 
centers point interactions. This is, on one hand, to exhibit interesting 
examples where the resonances are explicitly computable, on the other hand, 
serves as a basis for computations of the low energy behaviour of 
Hamiltonians with local potentials with one or many centers, the latter of 
importance, e.g., in solid-state physics. (This is work being developed in a 
series of papers [6-8, 37, 38, 411). Hamiltonians describing point 
interactions have a rich physical literature, in nuclear physics, solid state 
physics and statistical mechanics, see, e.g. [6] and references given therin. 
Their mathematical description goes back to Berezin, Faddev and Minlos 
and has recently been further developed through methods of non standard 
analysis [4, 5, 9, 651. In particular appliations to solid state physics are given 
in [6, 37, 38, 56, 571. 
In [6] (see also 171) we showed that Hamiltonians HP with point 
interactions on R3 formally given by HP = -A + EYE, Ii 6(x - xi) can be 
obtained as limits as E + 0 in the strong resolvent sense of Schrodinger 
operators of the form H, = -A + ~~,1(Ai(~)/~2) V((l/e)(x - xi)). In this 
paper we compute the resonances explicitly for the cases n = 1, 2,3. This 
yields also an approximation for those of H, and for the low energy 
behaviour of the Schrodinger operator -A + Ci V(x - (x/E)~), see 16, 7 ]. 
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In Section 5 we study the perturbation problem for the resonances 
discussed in Section 4 for the point interactions. We consider, namely, 
Hamiltonians of the form H, = HP + A.V, with HP the point interaction 
Hamiltonian discussed in Section 4 and V a potential of compact support 
(some perturbation results on the spectrum were discussed in [30, 91, 921). 
We identify the resonances and the eigenvalues of HA with the zeros of a 
Fredholm determinant, obtaining perturbation formulae for the resonances 
and the eigenvalues. This has applications to the discussion of perturbed 6- 
interactions, which occur naturally both in nuclear physics (with the strong 
force represented by a d-interaction) and solid state physics (impurities). 
2. RESONANCES 
Let V(x) be a real valued measurable functions on R3 satisfying, for some 
Y>O 
dxdy < co. (2.1) 
We have then in particular 1 V], < co and since / V], is the Hilbert-Schmidt 
norm of (-A)-1’2 V(A) ‘I2 it follows that for all E > 0 there exists a’> 0 
such that for all p E D((-d)“2) one has 
where ( , ) is the inner product in L2(R3) and A is the Laplacian on L2(R ‘). 
Hence for any real I and any cp E D((-A)“‘) 
is a closed form bounded from below which defines uniquely a self-adjoint 
operator H = -A + V bounded from below (see, e.g., [35, 55, 75 (Chapter X, 
pp. 167- 170), 821). Let V(X) = I V(x)] 1’2 and u(x) E u(x) . sign V(x) and let 
G, E (-A - k2) - ‘. The kernel of G, is 
for Im k > 0. We observe that Gk(x - y) extends for x # y, to an analytic 
function of k in the whole complex plane. For Im k ( 0 we have that 
G&x) = JG,(x - y) o(y) dy is still defined if cp has compact support. In 
this case G,yl is twice continuously differentiable and (-A - k’)G,p = q. 
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For Im k > 0 we have 
(H-k*)-’ = G, - G,u(l + uG,v)-‘uG,. (2.3) 
Since the Hilbert-Schmidt norm of uG,u is equal to ] V]; with p = -1m k, we 
get from (2.1) that uG,v is Hilbert-Schmidt if Im k > --y. From this and 
(2.3) it follows that the resolvent kernel (H - k’)) ‘(x, y) is for almost all x 
and y an analytic function of k in the halfplane Im k > -y with poles at 
those points k (a discrete set) which are such that -1 is an eigenvalue of 
uG,v. We summarize these results [35, 36, 821 in the following. 
PROPOSITION 2.1. Let V be a real valued function such that 1 V], < co 
for some y > 0 and set v z I V] I’*, u z sign I/. v. Then -A + V defines a 
closed form with domain (-A)‘12 which is bounded from below, and let 
H = -A + V be the seu-adjoint operator given uniquely by this form. Then 
the resolvent kernel (H - k*)-‘(x, y), defined for Im k > 0, is for almost all 
x and y analytic in k and extends to the half-plane Im k > -y as an analytic 
function with isolated poles. The poles are at the points k such that - 1 is an 
eigenvalue of the Hilbert-Schmidt operator uG,v with kernel 
eiklx-Yl 
(uG,v)(x, Y> = 4x> 4n Ix _ yl U(Y) 
If V has compact support then (H - k’)-‘(x, y) is analytic in the whole k- 
plane, except for isolated poles. 1 
Remark. The poles of (H - k*)-‘(x, y) for Im k > 0 coincide with the 
poles of the resolvent (H - z)-I, z = k2, hence they correspond to the eigen- 
values of H. The eigenvalues being real we have that the poles of 
(H - k*)-‘(x, y) in Im k > 0 ly on the positive imaginary axis. The poles are 
simple and the eigenvalues have finite multiplicity. 
DEFINITION. The poles of the resolvent kernel (H - k*)-‘(x, y) in 
Im k < 0 are called resonances of H. The half-plane Im k > 0 is called the 
physical half-plane and the half-plane Im k < 0 is called the unphysical half- 
plane. The multiplicity of a resonance k, is defined as the one of the zeros of 
the modified Fredholm determinant D,(l + uG,v) at k = k,. 
Let now T(k) E V - V(H - k2) ’ V, with kernel T(k)(x, y), then the S- 
matrix is defined as the operator with kernel (Plslq) = 
S(p, q) E 6(p - q) - 2ni8(p2 - q2)(27rP3 Ij eeiCpX-qy)T(p)(x, y) dx dy (see. 
e.g. [35]). We have 
T(k) = v(1 + uG~u)-‘u (2.4) 
496 ALBEVERIOAND HBEGH-KROHN 
and with the offshell T-matrix defined by 
(PI T(k)Iq) = -i(2*)-z(( e-“P”-4Y)T(k)(x,y) dx dy 
we have that (pi T(q) = (pi T(k) [q) for p2 = q* = k2 and that 
(pi T(k)lq) = -i(27rP2 (eipXu, (1 + uG,u)-’ eiqyu), (2.5) 
where the second term on the right hand side is the scalar product of 
the functions x + e’pXv(x) and x + I( 1 + uG, u)-‘(x, y) eiqyu( u) U’JJ in 
L2(iR3, dx). Hereby we observe that u and ~1 are in L2(lR3), due to our 
assumptions on V. We have then ([35,36]) the 
COROLLARY 2.1. The offshell T-matrix is given by (2.5), and the eigen- 
values of H are exactly the poles of the offshell T-matrix in the physical 
halfplane, while the resonances are exactly the poles of the offshell T-matrix 
in the unphysical halJplane. I 
By the definition and use of Proposition 2.1 we see that the resonances of 
H are the points k in Im k < 0 where 1 + uG,v has the eigenvalue zero. 
Since uG,u is Hilbert-Schmidt for Im k > -y we have that the resonances of 
H are the zeros of the modified Fredholm determinant D,(l + uG,v). Since 
D,(l + uG,v) = exp f itr((UGkb)n) 
n=2 n 
= exp f L tr((GL/2VGL/2)“) 
n=2 ft 
P-6) 
(tr((uG,v)“) = tr((G:“VGL’*)“)) we see that d( V, k) z D,( 1 + uG, v) 
depends only on V and k and it is a joint analytic function in V and k in 
Im k > --y and ( VI, < co. By the above the resonances are the solutions of 
the equation 
d( V, k) = 0 (2.7) 
in Im k < 0. Hence if k,(V) are the solutions of (2.7) for given Y then by the 
stated joint analyticity {k,(V)} has no accumulation points and V-1 k,(V) 
are analytic functions on the complex Banach space R, given by the norm 
I VI,, with branch points of finite order as the only possible singularities. If 
d,(V, k) = (a/ak) d(V, k), then V, is a branch point of k,(V) if and only if 
d,tVov k,Vd) = 0. (2.8) 
Hence the set of branch points for k,(V) in R, is a subset of codimensions 1. 
Let now d,(V, k) = (P/ak”) d(V, k) and let us assume that d,( V,,, k,)) = 
.a. = d,-,(V,, k,(V,J) = 0 and d,(V,, k,(V,,)) # 0 for a solution (V,, k,(V,)) 
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of (2.7). Then V, is a branch point of order 1, i.e., V+ k,(V) is a I-valued 
analytic function in a neighborhood of V,. We have thus the following 
theorem 
THEOREM 2.2. Let, for some y > 0, V E R,, i.e., 1 V/, < 03, then the 
modtj?ed Fredholm determinant d( V, k) given by (2.6) of 1 + uG,v, v = 1 V/ Ii2 
and u = sign V. v, is an analytic function d(V, k) of V and k for Im k > --y. 
The resonances are exactly the solutions k,(V) of d(V, k,) = 0 in the strip 
O>Imk> -7, while the eigenvalues E,(V) are the solutions of 
d( V, fl,) = 0 with Im dEn > 0. Hence the resonances k,(V) have for Jxed 
V no accumulation points and V -+ k,(V) are analytic functions of V with the 
only possible singularities being branch points of Jnite order. Moreover V, is 
a branch point for V+ k,(V) rf and only zf d,( V,,, k,( V,,)) = 0, where 
d,( VO, k) = (P/3km) d( V,, k) . V, is a branch point of order 1 for V + k,(V) 
if d,V,,, k,(V,,)) = ... = d,- 1( V,, k,( V,,)) = 0, while d,( V,, k,( V,,)) # 0. In 
this case there are 1 resonances k,(V),..., k,,+!_ 1( V) such that k,( V,) = . . . = 
k “+I-*(Vo)* I 
Remark. R. Newton [68(b)] h as shown that the multiplicity of zeros of 
d( V, k) in Im k > 0 equals the degeneracy of the corresponding eigenvalues 
k2 (see also [68(a)]). 
From (2.5) we have that the offshell T-matrix is given by 
(pi T(k) Iq) = -i(2z)-* (eipXv, (1 + uG,v))’ eiqy,). (2.9) 
Let now k, be a resonance of H = -A + V then (2.9) has a pole at k = k,. 
We obtain the residue of this pole by observing that 
uG,v = uGk,v + (k - k,) uG&v + O((k - k”)‘), (2.10) 
where 
(2.11) 
If k, is a simple resonance and the corresponding solution q0 of 
v)~ + uGkOvcp, = 0 is in L2(IR3), then with 6, satisfying the equation 
6, + vGkou&, = 0 (2.12) 
we find that 
;\y, (k - kJ(p I T(k) I s> 
= --i(24-2 (j{ i,(x) u(x) Gio(x - Y> PRY> V(Y) dx dy) -’ 
xJ:Ce- 
i(px-qy)&,(x) u(x) cpo(y) v(y) dx dy. (2.13) 
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With w0 = Gk,vr-pO we have that 
(-A + v- k&u, = 0 as a distribution (2.14) 
and we call vv, the resonance function corresponding to the resonance k,. If 
we set, for Im k > 0, G: s G, . G,, then G:(x - JJ) is analytic in k in the 
whole complex plane and we have that G:(x - y) = (2k)-‘G;(x - y) so that 
G;(x - y) = -$+-YI, (2.15) 
Since from (2.14), (-A - ki) w,-, = vyl, we have with PO = G-I;~u& = PO 
($0, wo> = jj (-A - K:) vo %&-A - ki) wo dx dy (2.16) 
that 
(@09 WO) = @ko)-' j j io<x> U(X) G&(X - Y> vow V(Y) dx dye c2. i 7) 
From (2.14) we also have VP, = -Vwo, so that (2.13) takes the form 
;;yflklo (k - koM T(k) 14) 
= -i(2z)-2 (2k,)-’ (I,?~, ~~)-‘jj e- im-qy) V(x) lye(x) V(y) ye(y) dx dy. 
(2.18) 
From (2.3) and (2.10) we get, after some computations, 
lim (k - k,)(H - k2)-’ (x, Y) = (2ko)-’ (CO, ‘~0)~’ w,(x) WO(Y). 
k-k, 
(2.19) 
Hence we have the following theorem 
THEOREM 2.3. The resonances of H are exactly the poles of the oflshell 
T-matrix (pi T(k) (q) in the unphysical half-plane, and the residue at the 
simple resonance k, of H is given by 
L;yn (k - Up I T(k) 14) 
= -Qz)-* (2kJ’ (qn, v,)-’ 11 e-i(pX-qy)V(x) v,(x) V(Y) U/,(Y) dx dy, 
where w,, is the corresponding resonance function given by w,, = Gk,W,, with 
p, + UG~,V~, = 0 SO that (-A + V- k2)Wn = 0, and (3,, w,> is given by 
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(L w,> = P,)-’ .lj” 6,(x) 44 G; (x - Y) RAY> V(Y) h dy. Moreover the 
residue of the analytic continua&n to the unphysical half plane of the 
resolvent kernel (H - k*)(x, y) has the poles k, and if k, is a simple 
resonance the corresponding residue is given by 
lim (k - k,)(H - k*)-’ (x, Y) = (2W’ (@,,, w,>-’ v,(x) V,(Y). 
k-rk, 
Remark. The formulas for the residues in Theorem 2.5 hold also for the 
poles in the physical half-plane, i.e., the poles given by the eigenvalues. But 
in this case the formulas may be simplified. In fact the resonance function 
then becomes the eigenfunction and in Im k > 0 we have that G:(x - y) = 
G, . G,(x - y) so that by (2.16), (@,, u/,) = (w,, w,), with ( , ) the &-inner 
product. 
3. PERTURBATIONS OF RESONANCES 
In this section we consider one parameter real analytic curves /z + I’, , 
A. E F?, in the Banach space R,. The resonances k,(l) of H, = -A + V., will 
then by Theorem 2.2 be analytic functions A--t k,(A) as long as 
Im k,(d) > --y, with the only possible singularities being branch points of 
finite order. If k(A) = k,(A) has a branch point of second order at A = 0, then 
k,(A) = k(0) f Ail2 + O(A). More generally we have that if A = 0 is a branch 
point of order 1 then the 1 branches of k(A) are given by 
kj(A) = k, + k$+A”’ + O(A2”), j = l,..., I, (3.1) 
where o is a primitive I-th root of the unit. Hence if 1 is odd it is possible to 
choose the curves kj(A) such that each of them has a well defined tangent at 
A = 0, and the angle between the tangents of the curves kj(A) are multiples of 
2741. If, on the other hand, the order is even, i.e., I = 2m then the tangents 
from the left and the tangents from the right exist and the angles between the 
left and right tangents are the multiples at n/l. The left tangents form angles 
which are the multiples of 27r/l with each other and the same holds for the 
right tangents. Below we illustrate the resonance curves A -+ k(A) with branch 
points of order two, three and four, respectively, at II = A,,. The arrows 
indicates the directions of increasing 13: 
yyIy -J& yjg (3.2) 
The resonance curves at branch points of order 2, 3 and 4 respectively. 
404’lOl!2 I2 
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Since G, (x - y) = G-,(x - JJ) we get that if k(A) is a resonance so is -L(A). 
Hence if ki(&) is a simple resonance on the imaginary axis so is k,(A) for 
II - &,I < E for some positive E. In fact due to this symmetry the only way in 
which k,(A) can come off the imaginary axis is by colliding with another 
resonance k*(A) at I =A, on the imaginary axis, so that kl@,) = k,(A,). 
Then if 1, is a branch point of order 2 the two resonances leave the 
imaginary axis at a right angle in opposite directions. If it is a branch point 
of order 21 the way the resonances leave the imaginary axis follows from the 
description above of the behavior of the resonance curves at branch points. If 
1, is a branch point of odd order for k,(l) at the imaginary axis then kl(A) 
does not collide with any other resonance on the imaginary axis and thus it 
cannot leave the imaginary axis. 
Let now k(A) be a simple resonance of HA for 111 < E, then there is an 
analytic function A+ rp,, pn E L2(R3) such that 
rp, + ua G&l, unPA= 0 (3.3) 
with u = 1 VA 1 “2 and uA = (sign I’,) vA. With xn = -uA qn we get 
XA + VA G,+I,xA = 0. (3.4) 
Taking the derivative of (3.4) with respect to A at A = 0 we have, with 
k, = k(O), that 
(1 + vo $,)x; + 6 Goxo + k’(O) vo G;J~ = 0, (3.5) 
where xb and VA are the derivatives of xn and VA at A = 0 and GA, is the 
derivative of G, at k = k,. From (3.3) at A= 0 we get with v/,, = Gk,,uoo,, 
that rp, = -U, w,, . We then have that v0 = Gk,uoO = Gk,~,(--~,‘//,J = 
-Gko F5yo, i.e., 
vo+%,,Vovo=O. (3.6) 
Multiplying therefore (3.5) by w,-, and integrating we get, observing that, 
from (3.6), Iw,(l + V,G,Jxh dx = 0, 
k’(O) j wo vo G&xo dx + j- wo 5 G,J~ dx = 0. (3.7) 
From (3.6) we have 
(-A + V-k;)tyo=O. (3.8) 
From (3.4) we have x0 = -Vow0 so (3.7) gives 
k’(0) ,f f. G&y0 dx + j” v/o V, w,, dx = 0, (3.9) 
(3.10) 
with 
f. = -uoqTo. 
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Hence if I&G;J~ dx # 0 we we get k’(0) from (3.9). Since x0 =(-A - ki) v/O 
we have that 
j f. G;, x0 dx = 1 (-A - k2) w0 G&(-d - k2) ~‘o dx. (3.11) 
THEOREM 3. I. Let A-+ V,, ;1 E F! be an analytic curve in the Banach 
space R, and let HA = -A + V,. If k, is a simple resonance of H, = --A + V(, 
and k(k) is the resonance of H., such that k(0) = k,, then k(13) is 
holomorphic at i = 0. If 
o+%Y wo) f 0 (3.12) 
then 
k’(O)= (2kJ’(@,, v/o)-’ r‘ woV;,ly,dx. 1 
Remark. The formula for k’(0) holds also if k, is a pole in the upper 
half-plane, i.e., if ki is an eigenvalue. Then (1+5~, wO) = (wO, u/J (which in 
this case is always nonzero), since by the resolvent identity we have 
(2k))‘G; = G: in Im k > 0. Hence the formula for k’(0) in the upper half- 
plane reduces to the well known formula for perturbations of the simple 
eigenvalues. 
In the same way as for the simple resonances we obtain the corresponding 
results for non-simple resonances. 
THEOREM 3.2. Under the assumptions of Theorem 3.1 and with k, a 
nonsimple resonance of order n, i.e., D,(l + uG,v) has a zero of order n at 
k = kO, we have that there are n resonances k,(J),..., k,(A) which are 
continuous in a neighbourhood of 0 and k,(O) = k, for j = l,..., n. Let 
~j E L2(lR3) be the corresponding solutions of (pj + u,, Gk,voqj = 0 and let 
‘/lj = G,,v,(pi be the corresponding resonance functions. If the matrix (Gi, vj) 
is non-degenerate then the functions k,(i),..., k,(A) are all analytic in a 
neighborhood of A= 0 and we may choose them so that (qi, vi) = ~5;~. With 
this choice we have that 
k; (0) = (2ko) ~ ’ J vj Vi vj dX. 
If the matrix (Gi, vi> is degenerate and at least one of the integrals 
[ wj V; vj dx # 0 then at least one of the kj@) has a branch point at ;1. 1 
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We shall now consider the special case when VA = AV and k, is a simple 
resonance of HA, = -A + A, V. In this case on satisfies the equation 
~a + ~%,A, vv,t = 0. (3.13) 
Taking the derivative with respect to A at A = il, we get, with o,, = oAZA, and 
(1 + 1, UGQ) cp;,, = -z+,vo,, - A,, k’(&) uG&v(~o. 
(3.14) 
Let &, satisfy the equation 
(1 + &vG-~&&, = 0. (3.15) 
The right hand side of (3.14) is, with k’(0) = k’(&) given in Theorem 3.1, 
orthogonal to 6,. uGL,v is Hilbert-Schmidt and $, is a simple solution of 
(3.15). Therefore by the Fredholm alternative 1 + A,,aGL,v is invertible on 
the orthogonal complement of @,,. Let (1 +&uG~,v)-’ be the inverse of 
1 + I,uG,,v on the orthogonal complement of 6, and zero on oO, assuming 
that (&,, &) # 0. Now 
using v,, = Gk,vo,,. Using (3.13) Eq. (3.14) may be written 
(1 +~,uG~,v)~);~=~o’~~--~~‘(~~)~G~~v~~,. 
Hence if (&, pO) # 0 we have 
&, = 4, k’(&)( 1 + A, uG,@v) - ‘uG&v~,, . 
If (@,,, pO) = 0 then k’(&) = 0 by Theorem 3.1 and 
q$,= A,‘(1 + &aGk,v)-lo,. 
Now the second derivative of (3.13) at A = A,, gives 
(1 + &aG,,,v) (pi; + 2k’(&) uG;,,u~,, + 2&k’(&) uG,&v~, 
+ 2uG,0v~;0 + &k’(il,J2uG&vp0 + Lo k”(ll,) uG&,vcp, = 0. 
(3.16) 
(3.17) 
(3.18) 
(3.19) 
(3.20) 
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Taking the inner product of (3.20) with @,, we get using (3.15) 
Hence from Theorem 3.1 
2k,k,(q0, vv,) k”(&) = -4k,k’(&)(&, w,> - 2&,k’(&)(6,7 Wovio) 
+ 2~; I(@~, p;,) - 1, kw(~, ~uG;~~~,). (3.2 1) 
We summarize these results in the following 
THEOREM 3.3. Let V, = ,IV satisfy the same assumption as in 
Theorem 3.1 and let k, be a simple resonance of HA, = -A + ,I, V. Then with 
pA + AuGko, vpn = 0, v = / V/l” and u = (sign V)v we have for the first 
derivative &, of Y,~ at A = do that if k’(&) # 0 then 
where k, = k(&,) and v)~ = qno, and ifk’(&) = 0 then 
where (1 + &uG,~u)- ’ is the inverse of (1 + A, uGtOv) on the orthogonal 
complement of 6, and zero on IJQ if (&, qq,) # 0. (pO, qq,) = 0 implies that 
k’(&) = 0. Moreover 
k”(&) = -2&‘k’(&) - k,‘k’(&)($+ uG;~v&J 
+ &2k,‘(@,0, co;,> - &‘k’(&)‘(&, ~G:JY+,), 
where we have normalized q~,, such that (@, , w,) = 1. 1 
Remark. Similar formulas can be obtained for the higher derivatives of 
the resonance function pA and for the eigenvalues k(i), at A= A,. 
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4. EIGENVALUES AND RESONANCES FOR THE POINT INTERACTION 
We shall now study the energy eigenvalues and resonances in the case 
where the potential is a sum of point interactions. Let {xl ,..., x,,} c R3 be a 
finite subset of R3 and let ] Vi],, < co, real, with compact support and such 
that --A + Vi has a simple resonance at k = 0. Then if A,(s) differentiable at 
zero with A,(O) = 1 it is shown in [6], [7] that 
converges as E -t 0 in the strong resolvent sense to a self-adjoint operator H,, 
the resolvent kernel of which is given for Im k > 0 by 
(4.1) 
(Ho - k2)- ‘(X3 y) = G~(x - Y) + 2 GL(X - Xi) (4.2) 
I( 
&k 
1 
-1 
x (xi-- 
471 
6, - G,(x, - Xj) G/c(xj - ~1, 
ij 
where ai depends on Vi and If(O) and G,(x) = Gk(x) if x # 0 and zero if not 
and [ ] ,T’ denotes the i, j-element of the inverse n x n matrix. We shall now 
proceed to discuss the resonances of H,,. We shall say that the limit operator 
H,, given by (4.2) is the Schrodinger operator with point interactions at the 
centers X, ,..., x,. We see from (4.2) that the resonances or eigenvalues are 
given by the points k for which 
6, - 6,(x, - Xj) 
I 
= 0. 
ii 
(4.3) 
We consider separately the cases of one, two and three centers. 
One Center 
For one center at the point x1 we get from (4.2) that the corresponding 
Schrodinger operator is given by 
(H,,-k*)-‘(x,y)=GL(x-y)+Gk(x-xX1) [a--&)-’ Gk(x,-y). (4.4) 
Hence we have exactly one resonance or eigenvalue at k = -47cia, so that if 
a < 0 we have an eigenvalue at k = -4da and if a > 0 we have a resonance. 
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Two Centers 
With one center at x1 and one center at x2 we get that the resonances and 
eigenvalues are by (4.3) given as the complex solutions of the equation 
(4.5) 
where 1= Ix, - x2 I. Let us consider the case where both centers are of equal 
strength, that is, a, = a2 = a, then (4.5) takes the form 
a - g = f  & eik’ 
or with z = kl we get 
4nal- iz = ie”. 
Let z = x + iy then 
47cal+ y = femY cos x 
(4.7) 
(4.8) 
and 
-x = feCY sin x. (4.9) 
The eigenvalues correspond to points where x = 0 and y > 0, where 
y = fe-Y - 4nal. (4.10) 
y; f e-y- 47rffl 
-y-47m /Y 
---- -- --- -- - 
/ - 
e-y -47rcrI 
A:- 
Y 
/ 
-4nar 
(4.11) 
Hence if 4nal< -1 we have two eigenvalues, and if 1 > 4nal> -1 we 
have one eigenvalue, and if 4nal> 1 there is no eigenvalue. Set s = al then 
(4.8) and (4.9) g ive us a set of solution curve zJx> = x,(s) + iy,(s), s E R, in 
the complex plane. From (4.9) we get that as x,(s) + nrr f 0, n # 0, then 
Y,(S) +-co. Thus there is exactly one curve z,(s) in each half strip 
nn<Rez<(n+l)rr, Im.z<O, and this curve has Rez=nlr and Rez= 
(n + 1)~ as asymptotes as s -+ fco. So there is exactly one resonance in each 
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half strip nn < Re z < (n + l)z, Im z < 0, for n # 0 or n # -1. In addition 
there is exactly one resonance in 0 < Re z < II. Ifs Q -1/47r this resonance is 
on the negative imaginary axis, if s > -1/47r this resonance is in the half 
strip 0 < Re z < x. The resonances have a mirror symmetry with respect to 
the imaginary axis. Remember that z = k . I, so the resonances are at the 
points k = I-‘z. (4.9) gives y = In 1 sin x/xl and thus by (4.8) 
$ (4nal+ln !%I) =cotgx, (4.12) 
from which it follows that x, z (n + i)n as n + co. Hence y, z -ln(n + f)z 
as n + co. So the asymptotic behavior of the resonances as n -+ 00 is k, z 
(n + f)(n/l) - (i/l) ln(n + +)7r 
I 
I I I 
I I I I 
I I I 
I I 
I I I 
I 
1 
I’ 
I 
t 
/ 2n/~ / 3Vl 47l/l 
x (4.13) 
1 I 
I I 
I I 
m-h 
I I 
I I 
The resonances k,(a) for two centers as a, = az = a varies. 
Three Centers 
Let us now consider three centers and for simplicity let they be equidistant 
and of equal strength. From (4.3) we have that the resonances and eigen- 
values are all given by the equation 
(o-t)‘) (a-$)c,(l)‘-2G,o’=O 
or (4.14) 
[ (~-~)z+Gk(~)~2[c+2G,(l)]=0. 
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Hence the eigenvalues correspond to points z = x + iy, z = kl, where x = 0 
and y > 0, which solve either 
y = 2eey - &al (4.15) 
or 
y = -epy - &al. (4.16) 
Hence for 4xaf < -1 there are three eigenvalues counting multiplicities. For 
-1 < 4nal< 2 there is one eigenvalue and for 4nal> 2 there are none. 
The resonances occur in two series ky’ and ki2’, where 
k:‘(a) = k,,(a) (4.17) 
and k,(a) are the resonance curves for two centers, and 
ky’(a)=k, (U+!$] fil-‘ln2. 
Remark. In [7] and forthcoming papers [8,41] it is proved that the 
eigenvalues and the resonances of the operator (4.1) converge as E tends to 
zero to the eigenvalues and resonances of the operator H, with resolvent 
kernel given by (4.2). This makes the determination of the resonances and 
eigenvalues of H,, given by the solution of (4.3), very interesting, due also to 
the connection of the study of (4.1) with the low energy study of 
ff=-A+ c n,@)v,(x-y. 
i:l 
5. PERTURBATIONS OF THE RESONANCES FOR THE POINT INTERACTION 
Let now (x1 ,..., xn) c R3 and ai E R, i = I,..., n and let H, be the 
corresponding Schrodinger operator, i.e., for Im k > 0 
(Ho - k*) ’ (X7 J’) = Fk(Xy J’) E G,(x - J’) + q G,(x - Xi) (5.1) 
1 I 
-I 
6, - G,(x, - x,J G&j - Y) 
ii 
and let 1 VI, < co, V with compact support. Set 
H~=H,+kV. (5.2) 
Let v(x) = 1 V(X)[“~ and U(X) = v(x) sign V(x) then we have as in (2.3) that 
for Im k > 0 
(H3-k2)-1(x, y)=P,(x, y)-AF,v(l +hF,v)-‘uF,, (5.3) 
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where k + uFkv is a meromorphic Hilbert-Schmidt valued function in the 
whole complex k-plane with poles exactly at the eigenvalues and resonances 
of HO. It is easily seen that there is an exact cancellation of the poles of (5.3) 
at the points where FJx, y) has a pole. Hence the poles of (HA - k*)-‘(x, y) 
are exactly the points in the complex k-plane where the Hilbert-Schmidt 
operator uF~ v has the eigenvalue -I - ‘. 
Thus the resonances and eigenvalues of HA are the zeros of the function 
d(A, k) = 0, where d(A, k) is the modified Fredholm determinant of 
1 + luF,v that d(A, k) is analytic in A and meromorphic in k. Hence we get 
the following theorem. 
THEOREM 5.1. Let H, be the Schriidinger operator for the point 
interaction, i.e., the resolvent kernel (H, - k*)-‘(x, y) is given by (5.1) for 
Im k > 0. Let 1 VI, < co and V of compact support. With HA = H, + IV we 
have that the corresponding resolvent kernel (HA - k*)-‘(x, y) is a 
meromorphic function of k in the whole complex k-plane. Moreover there is a 
complex function d(A, k) analytic in A in the whole complex A-plane and 
meromorphic in k in the whole complex k-plane such that the resonances and 
eigenvalues k of HA are the solutions of the equation d(A, k) = 0. So 
especially if k is a simple resonance or eigenvalue of H, then there is a 
resonance or eigenvalue k(A) of H, such that k(0) = k, and k(A) is analytic 
in A in a neighbourhood of A = 0. i 
Let now k, be a simple resonance or eigenvalue of HA, i.e. k, is a simple 
solution of the Eq. 4.3. Hence the equation 
xli 
ai _ d-7 ko 
4n 1 
6, - G,Jx, - Xi) Aj = 0 
i i 
(5.4) 
has a unique eigenvector {Ai,..., A,,} (up to a constant). From (5.1) we then 
iset that H, has the corresponding resonance function 
v/(x) = C Aj Gk,(x - xj). W e want now to find the derivative k’(0) of k(A) at 
A = 0. 
It turns out that k’(0) is given by the same formula as in 3.1 and we get 
the following theorem. 
THEOREM 5.2. Let k, be a simple resonance or eigenvalue of H,, where 
H, is the point interaction given by (5.1), and let V be of compact support 
and 1 V/, < 00. Then k, is such that (5.4) has a unique solution {A,,..., A,} 
and tf v(x) = C 13,G,Jx - xi) then v(x) is the corresponding resonance or 
eigenvalue function, i.e., (H,, - k& = 0. Let k(A) be the corresponding 
resonance or eigenvalue for HA given by Theorem 5.1, then 
k’(O) = (2k,)-L(P, w>-’ 1 u/(x) V(x) v(x) dx, 
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where 
(4 v) = (%,) - ’ 1 (-A - k:) vGo(d - k:) w dx 
Remark. If k, is a resonance which is not simple, say it is of order 1, of 
H, , then (5.4) has 1 independent solutions {A{ ,..., Ai }, j = l,..., 1, each one is 
determined up to a constant. Suppose it is possible to normalize these 
solutions such that for r, s = l,..., 1 
(@,9 w,> = 
where 
w,(X) = ~ ~SGko(X - Xj) 
j: 1 
(5.5) 
(5.6) 
are the corresponding normalized resonance functions of Ho with resonances 
k,. The assumption (5.5) implies that there are 1 analytic functions k,(A), 
r = l,..., 1, such that k,(A) are resonances or eigenvalues of HA = H, + LV 
such that k,(O) = k,. In the same way as in Section 3 we prove the following 
formula for the derivative k;(O) of k,(l) at 2 = 0: 
k:(O) = VW’ 1 v,(x) W> v,(x) dx, (5.7) 
where v,(x) are normalized as in (5.5). If it is not possible to normalize 
v,(x) as in (5.5) we have that at least one of the derivatives k;(O) does not 
exist. 
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Note added in proof: Since this paper was submitted for publication, there have been 
several developments: for recent reviews of methods in point interactions and low energy 
expansions-S. Albeverio and R. Hoegh-Krohn, “Proceedings, AMP Conference, Boulder ‘83, 
Physica ‘84”; S. Albeverio, F. Gesztesy, R. Heegh-Krohn, and H. Holden, “Proceedings, 
Leipzig Conference on Operator Algebras ‘83, Teubner ‘84”; for perturbation of resonan- 
ces-A. G. Ramm, J. Math. Anal. Appl. 88 (1982), l-7; for a general review on 
resonances-S. Albeverio, L. Ferreira, and L. Streit (Eds.), “Resonances-Models and 
Phenomena,” ZiF, Bielefeld ‘84, Lecture Notes in Physics, Springer-Verlag, Berlin/New York, 
1984, in press. 
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